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Abstract. In this work we will consider the calculation of Groebner-Shirshov bases of Coxeter groups. 
This will be the main focus of the work. In [4|, Bokut & Shiao gave the Groebner-Shirshov bases of positive 
definite classical Coxeter groups Aj, Bj, Di by using the techniques of Elimination of Leading Word. 
We will give a counter example to a hypothesis which is introduced by Bokut & Shiao in [4] and we will 
calculate the Groebner-Shirshov bases of the positive degenerate infinite affine Weyl group A n which is 
isomorphic to semi-direct product group S n K Z n— x , and further we classify all the reduced elements of the 
group by using the Composition Diamond Lemma. 



1. Introduction 

The Grobner basis theory for commutative algebras was introduced by Buchberger [3] and provides a solution 
to the reduction problem for commutative algebras. It is also known an effective algorithm of computing a 
set of generators for a given ideal of a commutative ring which further can be used to determine the reduced 
elements with respect to the relations given by the ideal. Later in [2J, Bergman generalized the Grobner 
basis theory to associative algebras by proving the Diamond Lemma which is the key ingredient in the theory 
and also equivalent to the so-called Composition Lemma which characterizes the leading terms of elements 
in the given ideal, see [9]. 

First of all we recall some facts about non-commutative Grobner bases which are also known in the literature 
as Grobner-Shirshov bases (see, for example, [7] and [8]). 

Let S be a linearly ordered set, k is a field, k(S) is the formal free associative algebra over S and k where 
generators are the letters in the totally ordered set S. Further we let S* be the set of words which are 
obtained from letters in S performing free product. 

Now suppose that the words in S* are degree-lexicographic ordered. i.e. comparing two words first by lengths 
and then lexicographically. 

Definition 1.1. Any polynomial f 6 k(S) is a linear sum of words in S*. 

In this section the words plays the crucial roles similar to the role of monomials. Since any polynomial in 
/ 6 k(S) consists of finitely many words and the degree-lexicographic order is total, any polynomial / £ k(S) 
has a leading word. Let / be the leading word of /. 

Definition 1.2. If f in f has a coefficient 1 then we say that f is called monic. 

Definition 1.3 (Composition of Intersection). A composition of intersection of two monic polynomials 
relative to some word w is defined as (f,g) w — fb — ag whenever w = fb = ag , deg(f) + deg(g) > deg(w). 

Definition 1.4 (Composition of Including). A composition of including (f,g) w of two monic polynomials 
relative to some word w is defined as (/, g) w = f — agb whenever w = f = agb. 

Definition 1.5 (Elimination of the Leading Word ). In the last case (f,g) w = f~agb is called the elimination 
of the leading word (ELW) of g in /. 

Definition 1.6 (Trivial Relative). A composition (f,g) w is called trivial relative to some R C k{X) if 
(f,g)w = J^^i^bi, where U G R, a^bi G S* and a^bi < w. 



In particular, if (f,g) w goes to zero by the ELW 's of R then (f,g) w is trivial relative to R. 

Definition 1.7 (Groebner-Shirshov Bases). A Groebner-Shirshov basis is a subset R ofk(S) if any compo- 
sition of polynomials from R is trivial relative to R. 

By the algebra {S\R} with generators S and defining relations R, we mean the factor algebra of k(S) by the 
ideal generated by R. The following lemma goes back to the Diamond Lemma of [7] and is also known as 
the Composition Lemma of [5]. 

Lemma 1.8 (Composition- Diamond Lemma). R is a Groebner-Shirshov basis if and only if the set 

{u£ S*\u^afb, V/Gi?} 
of R reduced words, consists of a linear basis of the algebra (S\R). 

Note that if a subset R of k(S) is not a Groebner-Shirshov basis then we can add all non-trivial compositions 
of polynomials of R to R and by continuing this process (possibly infinitely) many times in order to get a 
Groebner-Shirshov basis S comp that contains R. This procedure is called Buchberger-Shirshov Algorithm, 
for more details, see [3]. 

Definition 1.9 (Reduced Groebner-Shirshov Basis). A Groebner-Shirshov basis is called reduced if any 
seS is a linear combination of S \ {{s} — reduced words }. 

We also note that any ideal of k(S) has a unique reduced Groebner-Shirshov basis. Now let R be a set of 
semigroup relations i.e. 

{u — v : u, v G S*}, 

then any nontrivial composition will have the same form. Thus the set s com P also consists of semigroup 
relations. 



Let A = smg(S'l-R) be a semigroup presentation. Then R is a subset of k(S) and we can find a Groebner- 
Shirshov basis s comp . The last set doesn't depend on k, and it consist of semigroup relations, we will call 
R com P a Groebner-Shirshov basis of A. It is the same as Groebner-Shirshov basis of the semigroup algebra 
kA=(S\R). 

The same terminology is valid for any group presentation meaning that we include in this presentation all 
trivial group relations of the form ss^ 1 — 1, s s = 1, s G S. 

In the following sections we will consider the calculation of Groebner-Shirshov basis of Weyl groups and 
this will be the main focus of the present work. In [4], Bokut & Shiao gave the Groebner-Shirshov basis of 
positive definite classical Weyl groups Ai,Bi, Di by using the techniques of Composition Diamond Lemma 
and Elimination of Leading Word. In the next section we will give the Groebner-Shirshov bases of Weyl 
groups Ai, Bi, Di. In the last two sections of the work we will give a counter-example to the hypothesis 
that was introduced by Bokut & Shiao in [J] and later we will calculate the Groebner-Shirshov basis of the 
positive degenerate infinite affine Weyl group A n which is isomorphic to semi-direct product group S n xZ n . 
Finally, we give reduced elements of A n . 

2. Calculations for finite Weyl Groups 
From [3] we have the following results. 
2.1. The Weyl Group A t . 

Theorem 2.1. The Weyl group A\ is generated by {si, S2, ■ ■ ■ , s/} and Sij — s,-Sj_i . . . Sj, where i > j ; and 
s i,i = s i > s i,i+i — 1 with defining relations; 



Al 
A2 
A3 
AA 



Si = 1 --• > SiSi = 1 where 1 < i < I, 

SiSj = SjSi where i — j > 1. 

s l+1 SiS i+ i = SiSi+is, where 1 < i < I — 1, 

s i+ i tj s i+1 = SiS i+1J where 1 < j < i. 



So the Groebner-Shirshov basis for Ai consists of the relations that which was given by Al — A4. 
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2.2. The Weyl Group B t . 

Theorem 2.2. The Weyl group Bi is generated by Sj, 1 < i < I and Sij — SjSj_i . . . Sj, where i > j; and 



Bl 
B2 

Si , Si,i+i = 1 with defining relations; 

B5 
B6 



Si — 1 --■» SiSi = 1, where 1 < £ < / and £ — j > 1, 

SiSj = s_y-Sj, where i — j > 1, 

Si+iSjSj+i = SiS 4+ iSi, w/iere 1 < £ < / — 2, 

Si+i.jSj+i = SjSj+ij, w/iere j < £ < Z - 2, 

SlSl-lSlSl-l = Sl-lSlSl-lSl 

s ld s U = s l-l s l,j s l,j+i> where j < I. 



So the Groebner-Shirshov basis for B\ consists of the relations that given by Bl — B6. 
2.3. The Weyl Grup D h 

Theorem 2.3. The Weyl group Di is generated by Si , 1 < i < I together with defining relations and 
Sij ,l<j<i + l< I; and si t j — s;S;_2 • ■ - Sj, where j < I — 2; and sij = 1 , s;.;_i = s;. 

D\: ai t i = 1 -->■ sisi = 1, 

D2: s/s/_i = s/-is z , 

D3: S/S/_ 2 S/ = S;_ 2 S/S/_2, 

DA : sijSi-ij = si-isi t j8i-i t j + i where j <l — 2, 
D5: sijSi-iSi = 81-2S1 jsi-i where j <l — 2, 
D6: SijSi-i^ = s;-2S; J s/-i,feS;,fe+i where j < k < I - 2, 
D7: Sij — 1 --■ » SiSi = 1 where 1 < £ < I — 1, 
D8: SiSj = SjSi where i — j > 2, 
D9: Si+iSiSi+i = SiSi+iSi where 1 < i < I — 2, 
DIQ : Si+LjSi+i = SiSi+ij. 
So the Groebner-Shirshov basis for Di consists of the relations given by Dl — D10 and relations of Ai—±. 

3. A Counter-example to Hypothesis of Bokut& Shiao. 

In [3] they formulate a general hypothesis on Groebner-Shirshov bases for any Coxeter group. In the next 
we will provide a counter example. 

Let W be a Coxeter group, S is a linear ordered set with ^-generators, and M = [m ss r] be a I x I Coxeter 
matrix associated with W . Then we have 

W = smg(s 2 = 1, (ss') m "' =1, s y£ s', Vs, s' £ S and finite m 8S /). 

Now define for finite m ss i , 

m(s, s') = ss' ... (there are m ss > alternative letters s, s'), 

(m — l)(s, s') — ss' ... (there are m ss i — 1 alternative letters s, s'), 

and so on. In particular, if m ss i = 2 then m(s,s') = ss' , (m — l)(s, s') = s. Similarly, if m ss : = 3, then 
m(s, s') = ss's, (m— l)(s, s') = ss' where ma — 1 that is (si) 2 = 1 for all £; thus the generators are involutions. 

Now if m,ij = 2, then the generators and Sj commute thus the notation to define the relations of W 
can be presented in the form 

s 2 = 1, m(s, s') — m(s' , s), s > s' , (*) 

for all s, s' £ S and finite m gs '- 

Definition 3.1. Two words in S are equivalent if they are equal module commutativity relations from (*). 

To be more precise, it means that they are equal in the so called free partially commutative semigroup 
(algebra) generated by S and with commutativity relations from (*). Later on the word problem can be 
solved in this semigroup (or algebra). 

Definition 3.2. Two relations a — b and c = d of W are called equivalent if a,b are equivalent to c.d 
respectively. 



3.1. The Hypothesis. The Groebner-Shirshov bases of W consist of initial relations (*) and relations that 
are equivalent to the following ones: 



(m- l)(s,s')(m - l)(s il ,s i2 )...(m-l)(s i2h _ 1 ,s hh )m{s i s i2h+2 ) 



= m(s',s)(m - l)(s n ,s t2 )...(m - l)(s i2S! _ 1 , s; 2 J(m - !)(,• 



(**) 



wheres > s', s n < s l2 , s l2k _ t < s l2k ,s, L2k+1 < s l2k+2 , and any neighbor pairs (s' , s)(s n , s l2 ), (s l2k+1 s l2k+2 
are different, and 

if m ss ' is even 
if TO,,' is odd 



Si 2 — s, 



if m S2k _ lS2k is even 
^ m s2k-iS2k is odd - 



In [4], It was pointed out that the hypothesis holds for Groebner-Shirshov bases for finite Coxeter groups. 
In the following we point out that the hypothesis not necessarily correct. Now consider the Coxeter matrix 
"1 3 2 2l 



A 4 = 



By using above notation SiSi = 1 for i = 1, 2, 3,4 we have 

m(s2,si) — s 2 Sis 2 — m(si 7 s 2 ) — Sis 2 si since m 21 = m i2 = 3 

m(s3, s 2 ) = s 3 s 2 s 3 = m(s 2 ,s 3 ) = s 2 s 3 s 2 since m 32 = m 23 = 3 

TO ( s 3i s i) — s 3 s i ~ m (si,s 3 ) = Sis 3 since m 31 = m 13 — 2 and 

m(s 4 , s 3 ) = S4S3S4 = m(s 3 , s 4 ) = s 3 s 4 s 3 

m(s 4 ,s 2 ) = s 4 s 2 = m(s 2 ,s 4 ) = s 2 s 4 

m(s 4 , si, ) = s 4 si = m(si, s 4 ) = sis 4 . 

These are all initial relations. Now one can notice that there is extra elements for A4 such as: 

(rn - l)(s 3 , s 2 )to(s 1; s 3 ) = m(s 2 , s 3 )(to - l)(si, s 3 ) 

which gives the relation s 3 s 2 siS3 — s 2 s 3 s 2 si, and similarly, (to — 1)(s 4 ,s 3 )(to — l)(s 2 , s 4 )m(si, s 4 ) = 
?ti(s3, s 4 )(to — l)(s 2 ,s 4 )(m — l)(si,s 4 ) which gives the S4S3S 2 SiS4 = S3SiS3S 2 si. Thus the second ele- 
ment (s 2 ,s 4 ) shows the complexity of this notation in the article [4 . Thus (m — l)(s 4 , s 3 )m(s 2 , s 4 ) = 
to(s 3 ,s 4 )(to — l)(s 2 ,s 4 ) that gives S4S3S 2 S4 : = S4S4S3S 2 . 

Now note that if we take the previous pair as an index the second component of a pair can be determined 
by being even or odd of the associated entry of the Coxeter matrix. But the first component of the chosen 
can be any element less than the element in the second component. Thus if we write the pairs procedure in 
the article, the second element of the pair (si, s 2 ) must be s 2 but it says that the element must be s or s'. 



3.2. A counter-example to Hypothesis. The Coxeter matrix of affine Weyl group A3 is M — 



Initial relations are 
(so) 2 = (*i) 2 = (s 2 f 
S0S1S0 = sis si, 

SqS 2 = S 2 S , 

sos 3 s = s 3 s s 3 , 

5 1 5 2 = SiS 2 SiS 2 , 

515 3 = S 3 Sl, 

s 2 s 3 s 2 = s 3 s 2 s 3 . 



(S3) 2 
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The Groebner-Shirshov Basis for W consists of the elements 

s s - 1, 
s 1 s 1 - 1, 

S2S2 - 1, 

4s 3 s 3 - 1, 
sis si - S0S1S0, 

S 2 SlS 2 - S1S2S1, 

S3S2S3 - S2S3S2, 
S3S0S3 - s s 3 s , 

S 3 Sl ~ S1S3, 

S2S0 - s s 2 
S3S0S1S0 - S1S3S0S1, 
S3S0S2S3S2 ~ S0S3S0S2S3, 
S3S0S2S3S0 - S2S3 * S0S2S3, 
S3S2S1S3 - S2S3S2S1, 
S3S0S1S3 - SQS3SQS1, 
S2S1S0S2 - S1S2S1S0, 
S3S0S2S1S3S2S1 - S0S3S0S2S1S3S2, 

S3 s 0SlS2«3 s 2 - S S 3 S SiS 2 S3, 
S3S2S1S0S3S0 - S2S3S2S1S0S3, 
S3S0S2S1S3S0S1 - S2S 3 S S 2 SiS3S , 
S3S0S1S2S3S0S2 ~ S0S3S0S1S2S3S0, 
S3S0S2S1S3S0S2S1S0 - S0S3S0S2S1S3S0S2S1, 
S3SQS1S2S1S3S2S1 - SQS3S0S1S2S1S3S2, 
S3SQS2S1SQS3S0S1 ~ S2S3S0S2S1S0S3S0, 
S3S0S1S2S1S3S0S2S1S0 — S0S3SOS1S2S1S3S0S2S1, 
S3S0S1S2S3S0S1S2S1 - S0S3S0S1S2S3S0S1S2, 
S3S0S1S2S1S3S0S1S2S1S0 - SqS3S§S\S2S\S3SqS\S2S\. 

Next let us check if these words are appropriate for the hypothesis or not. 
S3S0S1S0 ~ sis 3 s s 1 = (to - l)(s 3 , si)m(s , si) - to(si, s 3 ), 
S3S0S2S3S2 - S0S3S0S2S3 = (m - l)(s 3 , s )m(s 2 , s 3 ) - m(s , s 3 )(m - l)(s 2 , s 3 ), 
S3S0S2S3S0 - s 2 s 3 * s s 2 s 3 = (m - l)(s 3 , s 2 )m(s , S3) - m(s 2 , s 3 )(to - l)(s , S3), 
S3S2S1S3 - S2S3S2S1 = (to - l)(s 3 , s 2 )m(s , s 3 ) - m(s 2 , s 3 )(to - l)(s , s 3 ), 
S3S0S1S3 - s s 3 s si = (to - l)(s 3 , s )m(si, s 3 ) - m(s , s 3 )(to - l)(si, S3), 
S2S1S0S2 - sis 2 sis = (to - l)(s 2 , si)to(so, S2) - m(si, s 2 )(to - l)(so, s 2 ), 

S3S0S2S1S3S2S1 -S0S3S0S2S1S3S2 = (m- l)(s 3 , so)(to-1)(s2, S3)to(si, S2) -to(so, s 3 )(to- 1)to(s2, s 3 )(m- 

1)(*1,«2), 

S3S0S1S2S3S2 - S0S3S0S1S2S3 = (m - l)(s 3 ,s 2 )(m - 1)(si,s 3 )to(s 2 ,s 3 ) - m(s2,S3)(m - 1)(si,s 3 )(to - 

1)(«2,S 3 ), 

S3S 2 sis s 3 s - S2S3S2S1S0S3 = (m - l)(s 3 ,s 2 )(m - l)(si, s 3 )m(s , s 3 ) - m(s 2 ,s 3 )(m - l)(s 1 ,s 3 )(m - 
l)(so,s 3 ). 

Thus we see that the elements above in the Groebner-Shirshov basis can be written as the procedure in 
the hypothesis. But we have a problem for the following element. 

Let consider S3Sos 2 sis 3 SoSi — S2S3S0S2S1S3S0. Since the second term of the element begins with s 2 s 3 , we 
must start by (m — l)(s 3 , s 2 ) = S3S2. 

Since 77143 = 3(s 3 and s 2 are 4th and 3rd elements respectively) is an odd number, we should continue by 
m(a, so) where a is a reflection less than so however this is not allowed in the hypothesis. Actually this term 
can be written as (m — l)(s 3 , S2)(m — l)(s , s 3 )to(si, s ) — m(s 2 , s 3 )(m — l)(s , s 3 ) 

(m — l)(si,So), but it does not follow the procedure in the hypothesis. Similarly the following elements 
can be written as the procedure in the hypothesis. 

S3S0S1S2S3S0S2-S0S3S0S2S1S3S0S2S1 = (m-l)(s 3 , s )(m-l)(si, s 3 )(to-1)(s 2 , s 3 )to(s , s 2 )-to(s , s 3 )(m- 
1)(si, s 3 )(m - l)(s 2 , s 3 )(m - l)(s , s 2 ), 
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s 3 soS2S 1 s 3 sos 2 s 1 s - s s 3 soS2S 1 s 3 sos 2 s 1 s 1 = (m - l)(s 3 ,s )(m - l)(s 2 ,s 3 )(m - l)(si, s 2 )m(s , Si) - 
m(s , s 3 )(m - l)(s 2 , s 3 )(m - l)(si, s 2 )(m - l)(s , si), 

s 3 s Q siS2Sis 3 s2Si-s s 3 sos 1 s 2 s 1 s 3 s2 = (m-l)(s 3 , s )(m-l)(si, s 3 )(m-l)(s 2) s 3 )m(si, s 2 )-m(s , s 3 )(m- 
l)(si, s 3 )(m - l)(s 2 , s 3 )(m - l)(s l5 s 2 ). 

The element s 3 soS2SiSoS 3 sqSi— s 2 s 3 SoS 2 SiSos 3 so is written as (m— l)(s 3 , s 2 )(m— l)(sx, s 3 )(m— l)(so, s 3 )m(si, sq) — 
m-(s 3 , s 2 )(m — l)(si, s 3 )(m — l)(so, s 3 )(m — so), but the last term of the expression does not obey the 

procedure of the hypothesis. 

The remaining elements obey the rule in the hypothesis. 

S3S0S1S2S1S3S0S2S1S0 - s s 3 s sis 2 sis 3 sor - 2si = (m - l)(s 3 ,s )(m - l)(si,s 3 )(m - l)(s 2 ,s 3 )(m - 
l)(si, s 2 )m(s , si) - m(a 0) s 3 )(m - l)(si, s 3 )(m - l)(s 2 , s 3 )(m - l)(si, s 2 )(m - l)(s , si), 

S3SoSiS2S3SoSis 2 si-s s 3 soSiS2S3SoSis 2 = (m-l)(s 3 , s )(m-l)(si, s 3 )(m-l)(s 2 , s 3 )(m-l)(s , s 2 )ra(si, s 2 )- 
m(s , s 3 )(m - l)(si, s 3 )(m - l)(s 2 , s 3 )(m - l)(s , s 2 )(m - l)(si, s 2 ), 

S3S0S1S2S1S3S0S1S2S1S0 - sqs 3 sosiS2Sis 3 s siS2Si = (m - l)(s 3 ,s )(m - l)(si,s 3 )(m - l)(s 2 ,s 3 )(m - 
l)(so, s 2 )(m-l)(si, s 2 )m(s , si)-m(s , s 3 )(m-l)(si, s 3 )(m-l)(s 2 , s 3 )(m-l)(s , s 2 )(m-l)(si, s 2 )to(s , si). 
So we conclude that two elements can not be expressed as the procedure in the hypothesis. With this 
counter-example, we obtain that the hypothesis does not hold for positive degenerate afhne Weyl groups. 

4. Calculation of Groebner-Shirshov bases for infinite Weyl Groups. 

In this section our aim is to calculate Grobner-Shirshov basis of positive degenerate infinite affine Weyl 
group A n which is isomorphic to semi-direct product of permutation group S n with translation group Z n , 
where Z™ -1 is the eigen- module of the action of the permutation group on its representation module Z". It 
has a presentation with generators {so, si, • ■ • , s n } and relations 

SiSi = 1, i = 0, ...,n; 
SiSj — sjSi, i = 0, . . . , n — 2,j — i > 1; 
SiS i+ iSi = s i+ iSiSi + i, i = 0, . . . , n — 1 and 
sos„s = s n s s n . 

Here we will choose the linear ordering sq > si > s 2 > • • • > s n on the generators on the contrary of the 
ordering chosen by Bokut and Shiao in [4]. 

Theorem 4.1. Let A n be affine Weyl group QCTLG-Tdtcd by so, sx, S2, . . . , s n with defining relations 
sf = 1, i = 0, . . . , ri 

SiSj = SjSi,i = 0, . . . ,n - 2, j = 2, . . . ,n,j — i > 1 
SiS i+ iSi = s i+ iSiS i+ i,i = 0, . . . , n — 1 and 

SQSnSo = S n S S n . 

Let us define the words 

{SiSi-f-Sj, i>j; 
SiS i+ f-Sj, i < j. 
and 'Sij — SiSi_iSi + iSi ■ ■ ■ Sj + iSj where j >i — 1. 

// we identify a relation u — v with polynomial u — v, a Grobner-Shirshov basis for A n with respect to 
Deglex order with Sq > S\ > • • • > s n consists of initial relations together with the following polynomials. 

(1) SijSi — Si+iSij where j > i, i = 0, . . . , n — 2,j = i + 2, . . . , n when i — and j =/= n. 

(2) s s nk Sj - SjS Q s nk where j = 2, . . . , n — 2, k = n, n - 1, . . . , j + 2. 

(3) s s nj s j+ i - SjS s nj where j = n - 1, . . . , 0. 

(4) s s n jS - s n s s nj where j = 2, . , . ,n - 1. 

(5) SQS n jSxkSk+x - s n SQS n jSx). where j = 2, . . . , n - 1, n, and k = 0, . . . ,n — 1. 

(6) s 0j s n s s n - sis jS n s where j = l,...,n — 1. 

(7) s s n3 sis s nk si - s n s s n jSiSoS n k where j = 2, . . . , n - 1, and k = j - 1, . . . , n. 

(8) s s n jSis Q s n kS2isi + i - s n SoS n jSiS s n kS2i where j = 2, . . . , n — 1, fe = j + 1, . . . , n, and I = 1, . . . ,n — 1. 
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(9) SojS n SkS s n k - siSojS n sos n -i,kSk+i where j = 1, . . . ,n - I, and fc = n - l,n - 2, . . . , j + 2. 

(10) s jS n Skis s n i - SiS jS n s s n -ijSk+i,i+i where j = l,...,n-l, fc = n - 1, n - 2, . . . , j + 2 and 
l = k-l,...,2. 

Proof. The proof constitute two parts. In Part I we investigate where the new binomials come from. 

(1) SijSi — s i+ iSij where j > i, i = 0, . . . , n — 2,j = i + 2, . . . , n when i — and j ^ n. 
For j = i + 2 we have 

( s i s i+l s i ~ s i+l s i s i+l', S,Sj+2 — s i+2 s i) = s i s i+l s i+2 s i — s i s i+l s i+2 

= Si,i+2Si — Sj+lSj : i+2- 

For j = i + 3, . . . , n the others are obtained by induction on j. 

(2) s s n kSj - SjS s n k where j = 2, . . . , n - 2, fc = n, n - 1, . . . , j + 2. 
For k = n and j = 2, . . . , n — 2 we have 

(s Sj - SjS ; SjS n - S n Sj) = S S n Sj - SjS S n . 

For k = n — 1, . . . , j + 2 the others are obtained by induction on fc. 

(so s n,k+lSj — SjS S n ,k+l', SjSk — SkSj) = S S n kSj — SjS S nk . 

(3) sos n jSj + i - SjSos n j where j = n — 1, . . . , 0. 
For j = n — 1 we have 

(so^n — l Sn— 1^0> ^n— l^n^n— 1 ^n^n— \&n) — SO^n^n— l$n ^71— l^O^ro^ro— 1 ■ 

The others are obtained by composition of the element of the type (2) taking fc = j + 2. 

(soS n ,j+2Sj — SjSoS n ,j+2', SjSj+lSj — Sj + iSjSj + i) = SoSnjSj+l — SjSoS n j. 

(4) s s nj s - s n s s nj where j = 2, . . . , n - 1. 
For j = n — 1 we have 

(S0S„S0 - SnSOSn! S S n -l - S„-lS ) = S S„S„_lS ~~ s n s 0S n S„_l. 

For j = n — 2, . . . , 2 the others are obtained by induction on j. 

(SoSn,j+lSQ — S n S()S n j + i; SqSj — SjSo) = S()S n jSo — S n SoS n j. 

(5) s s nj s lk s k+1 - s n s s n:j s lk where j = 2, . . . , n - 1, n, and fc = 0, . . . , n - 1. 
For j = n and fc = we have 

(s s„so - s„s s„; s oSiSo - sis si) = sos n sis si - s n s s n sis . 
For j = n — 1 , . . . , 2 and fc = we have 

(soS„jSO - SnSoSnj] S SiS - SlSoSl) = SoS„jSiSoSl - S„SoSnjSlSO- 

The others are obtained by induction on fc. 

(soS n j'Sl i k-lSk — S n SoSnj'sl,k-l', SfeSfe+lSfe — Sfe + lSfeSfe + l) = So s njSlfcSfe+l — SnSQSnj'sik- 

(6) SojS„s s„ - SiS jS n s where j = 1, . . . ,n - 1. 
For j = 1 we have 

(s siSo - sis si; s s„s - s„s s„) = soSis„s s„ - sis sis„s . 
The others are obtained by composition of the element of the type (1) taking i = 0. 

(sojSo - SiS j-. S S n S - S n S S n ) — SojSnSoSn - SiS jS n SQ 

where j — 2, . . . , n — 1. 

(7) s s nj sis s nk si - s n s s nj sis s nk where j = 2, . . . ,n - 1, and fc = j - 1, . . . ,n. 
For fc = n it is obtained by composition of the element of the type (5) taking fc = 0. 

(soS„jSlSoSl - S n SoS n jSlSo; SiS n - S n Sl) = S S n j SiS S n Si — S n SoS nJ SiS S n . 
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Note that we do not consider the case where j — n because one can show that it reduces to zero. 
The others are obtained by induction on k. 

(s S n jSiSoSn t k+lSl - S n SoS n jSiSoS„,k+i; SiSk - SfcSi) = S S n jSiS S n kSi - S n S S n jSiS S n k 

where k — n — I, . . . ,j — 1 . 

(8) s s n jSiS s n kS2iSi + i - s n s s n jSiS s n kS2i where j = 2, . . . ,n - 1, k = j + 1, . . . ,n, and I = 1, . . . ,n — 1. 
For Z = 1 it is obtained by composition of the element of the type (7). 

(s SnjSlSoS„feSl - S n SoS n jSlSoS n k; S1S2S1 - S 2 SlS 2 ) = S S nj S 1 SoS n kS2SlS 2 - S n S S nj S 1 S S n kS2Sl. 

The furthers are obtained by using the induction on Z. 

(soS n jSiSoS n fcS2,J-lS/-S„SoS n jSiSoSnfcS2,J_i; SjSj+iSj-Sj+iSjSj+i) = S S n:j SiS S nk S2lSi + i-S n SoS nj SiS S nk S2l. 

(9) SojS„SfcS s„fe - SiSojS n sos n _i,fcSfc + i where j = 1, . . . ,n - 1, and fc = n - 1, n - 2, . . . , j + 2. 
It is obtained by composition of the elements of the types (6) and (3) respectively. 

(S0jS n S S n — SiSojS n So] S S n kSk+l - SkSQSnk) = SojS n SkSoS n k - SiSojS n SoS n -i t kSk+l- 

(10) s js n s k is s nl - SiS jS n s s n -i t iSk+i,i+i where j = l,...,n-l, k = n - 1, n - 2, . . . , j + 2 and 
l = k-l,...,2. 

For I = k — 1, it is obtained by composition of the elements of the types (9) and (3) respectively. 

(sojS n SkS S n k - SiSojSnSaSn-i^Sk+l] SoS nt k-lSk - Sfc_iS S„,fc-l} = SojS n SkSk-lSoS nt k-l - SiSojS n S n -i t k 

Sfe+lSfe-lSfc 

= SojS n SkSk-lSoS n< k-l - SiSojS n S n -i t k-l 
Sk+lSk- 

The others are obtained by induction on I. 

(sojS n Sk,i+iSos n ,i+i - siSojS n sos„-i,i+iSfe+i,i+2;sos n !S«+i - sis s n i) = s 0j s n Sk.i+isis s n i - sis jS n s s n ^i,i + i 

Sk+l,l+2SlSl + l 

= s 0j s n Skis s n i - SiSojS n SoS n -ijSk+i,i+i- 

Part II : Reduction. 

Now we have to show that all other compositions are trivial (reduces to zero) relative to initial relations 
including Grocbncr-Shirshov basis. Notice that a composition (/; g) is trivial if leading words of / and g has 
no overlap. Because of that, we will only look compositions with overlap leading words. 

In this part of the proof we have a lemma which will help us to reduce some compositions to zero easily. 

Lemma 4.2. Let f = f\ — f2, g = gi — 52 and h = h\—h,2 be binomials. Assume that overlap(/i, g\) = v\, 
that is fi = a\V\ and gi = vibi, and overlap(gi, hi) — V2, that is g\ = a2V2 and hi = w 2 62- Define 

(f',g) = (/1 - f2)h - ai(gi - g 2 ) = a x g 2 - /2&1 

and 

(g; h) = (gi - 32)^2 - 02(^1 - h 2 ) = a 2 h 2 - g 2 b 2 - 
If (f;g) is trivial and 012 = V1CL2, then (/; a 2 h 2 — 52^2) is also trivial. 
Proof. 

(/; a 2 h 2 - g 2 b 2 ) = (fi - f 2)0,2^-2 - ai(a 2 h 2 - g 2 b 2 ) 
= aig 2 b 2 - /2S2/12 
= aig 2 b 2 + f2CL2{hi - h 2 ) - j^/ii- 
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Since hi = v 2 b 2 an( i ^1 — a 2^i, we have 

(/; 02/12 - 52^2) = aig 2 b 2 + f 2 a 2 (hi - ^2) - /2M2 
= (aiff2 - /2&O&2 + /2fl2(/ii - /12) 
= 0. 

□ 

Now we can start to show that the remaining composition reduces to zero. First of all we look the 
composition where S0S1S0 — sisosi is the left element. Since almost all element types start with so, we have 
a lot compositions to check. However, by Lemma 14.21 we will only show three such composition reducing 
to zero. The others will also reduce to zero as an application of Lemma 14.21 So let us check three such 
compositions. 

(SOSISO - Si SO Si! SQS1S2SQ ~ SlS SiS 2 ) = SoSlSlS SiS 2 - S1SQS1S1S2SQ 

= so(sisi - 1)sqsis 2 - siSo(siSi - l)s 2 s 

+ (sqs - l)sis 2 - si(s s 2 - S2So)so - sis 2 (s sq - 1) 

= 0. 

(s sis - sis si;s Sj - SjS ) = s siSjS ~ sis siSj 
Notice that for j = 2 this is relation with type (1) choosing i = 0,j = 2. If j ^ 2 then 

SqSiSjSo - SiSqSiSj = S {siSj - SjSi)s ~ SiS (siSj - SjSi) + (s Sj - SjS )siS 

~ Si(s Sj - SjS )si - (siSj - SjSl)s Sl + Sj(s SlS - SlS Sl). 

We also have 

(sqSiSq - SlSQSl] S S n S - S n S S n ) = S S n SiS Si - S n S S n SiS 

which is relation with type (6) choosing j = 1 . 

The other compositions with left element S0S1S0 — siSqSi reduce to zero as an application of Lemma 14.21 
Now consider compositions in which sos n so — s n sos n is left element. By above argument we only have to 

look the following compositions. 

(soS n S ~ S n S S n ; S SiS 2 Sq - SiS SiS 2 ) = S S n SiS SiS 2 - S n S S n SiS 2 S 

= (sos n sis si - S n S S n SiS Q )s 2 + S n S S n Si(s S 2 - S 2 S ), 

where SQS n siSoSi — s n sos n siSo is relation with type (5) choosing k = 0,j = n. 
We also have 

{soS n so — s n sos n ; SQSj — SjSo) = sos n SjSo — s n SQS n Sj. 
Notice that for j — n — 1 this is relation with type (4) choosing j = n — 2. If j 7^ n — 1 then 

S S n SjSo - S n S S n Sj = (s S n Sj - SjS S n )so - S n S (s n Sj - SjS n ) - S n (s Sj - SjS )s n 
+ (SjS n - S n Sj)s S n + Sj(s S n S ~ S n S S n ). 

The other compositions with left element SQS n so — s n sos n reduce to zero as an application of Lemma 14.21 
Now consider compositions with left element sojSo — s\Soj which is relation with type (1) choosing i = 0. 

(s jS - sis aj ; s a sis ~ SiSqSi) = sojSis si - sis jSiSo 

= SoisijSi - S^i^SoS! - SiS (sijSi - S 2 Sij)s 
+ (S0S2 - S 2 So)sijS Si - Si(s Q S 2 - S 2 S )sijS 
+ S 2 (s jSi - SiS j)si - SiS 2 (s 0j S - SiSoj) 
+ S 2 SlS (sijSl - S 2 Slj) - (sis 2 si - s 2 sis 2 )s 0j 

+ s 2 si(s s 2 - s 2 s )sij. 
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We have 

(sojSQ — SiSQj] SQS n So — s n Sos n ) = SQjS n SQS n — siSQjS n So 
which is relation with type (6). 

(sojSo - siso 3 ;soSk - SfcSo) = s oj SkSo - s%sojSk. 

We have the following cases to be analyzed: 
Case 1) If k — j then 

sojSjSo - sxSojSj = s ,j-i(sjSj - 1)sq - sis ,j-x(sjSj - 1) - (s 0j -is - sisoj-i = 0. 

Case 2) If k — j + 1 then it just gives soj+i^o — sisoj+i which is relation with type (1). 
Case 3) If k > j + 1 then 

SOjSkSo - SiS jSk = Sk(sojSQ - SiSqj) 

using commutativity of Sk- 
Case 4) If k < j then 

sojS k s - siSajSk = s 0t k+is k Sk+2, 3 sa - SiS ,k+iSkSk+2,j (by commutativity of s k ) 

= S().k-l{skSk+lSk — Sk+lSkSk+l)Sk+2,jS0 — SlSo,k-l{skSk+lSk — Sk+lSkSk+l)sk+2.j 

+ Sk+i{sojS - siSqj). 

The other compositions with left element SojSo — si-SQj reduce to zero as an application of Lemma 14.21 
Now consider compositions in which sos n jSo — s n soS n j is left element. 

(s s nj s ~ s n sos nj ; sqSiSq - sis si) = s s n jSiSoSi - s n s s n jSis 
which is relation with type (5) choosing k = 0,j = n — 1, . . . , 2. 

(so^nj So SnS()Snj i SqS u Sq S n S[)S n ^ SQS n j S n S()S n S n Sq S n j S n Sq 

= SQSnSn—lS n Sn — 2.jSQSn S n SQS n Sn— lSn— 2, j.so (by commutativity of 

Sn-lSQS n S n -i)s n -2,jSQ 

~t~ $n— 1 (^O^nj '^0 S n SQS n j^)S n <^n — 1 $n (^O^n^n — 1 ^n-1^0^n^n-l)^n 

where SoS n s n -is n — s n _iSos„s„__i is relation with type (3) choosing j = n — 1. 

(s s nj s - s n s s nj ;s Sk - s k s ) = s s nj s k SQ - s n s s n jSk- 

We have the following cases to be analyzed: 
Case 1). Let k < j - 1. Then 

SoSnjSkSQ - S n S S nj Sk = (s S n ^Sk ~ S k S S nJ )sQ + Sk(s S n jS - S n S S nj ). 

Case 2). Let k = j - 1. Then 

SQSnjSj-lSQ — S n SoS n jSj-l — So s nJ-lSO — S„SoS„ j_i . 

Case 3). Let k = j. Then 

S S n jSjS - S n S S n jSj = S S n j + i(SjSj - l)s - S n S S n ,j+l(SjSj - 1) + (s -Vj+i s o - S n S S„,j+l). 

Case 4). Let k > j. Then 

SoSnjSfcSO - S n S S nJ Sk = S S Jhj+ i(SjSk ~ SkSj)s - S n SoS n ,j+l(SjSk - S k Sj) 

+ S S nt j + lSk(SjS - S Sj) + (s S n> j +1 S k S - S n S S n> j +1 Sk)Sj. 

The other compositions with left element SqSj — SjSQ reduce to zero as an application of Lemma 14.21 
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{s Sj - SjS ; SjS k - s k sj) = s s k sj - SjS s k 

= (sosfe - SkSo)sj - Sj(s Q Sk - SfeSo) 

- (SjSk - S k Sj)s + S k (s Sj - SjSq). 

Similarly it can be shown that the following listed compositions reduce to zero as an application of Lemma 
1421 

{soSn.k+iSj — SjSoS ni k+i; SjSt — s t SjSi) = Mod (the listed Groebner-Shirshov basis) for t =/= k. 
(soSnkSj — SjSQS n k', SjSj + iSj — Sj+iSjSj+i) = Mod (the listed GS- basis) for k ^ j + 2. 
(soSnjSikSk+i - s n sos n jSik;skSt - s t s k ) = Mod (the listed GS- basis) for k^l,t^= n. 

(soSnjSiSoSnkSi — s n SoS n jSiSo; siSfc — SfcSi) = Mod (the listed GS- basis) for k = j — 2, j — 3, . . . ,3. 
{sQSnisiSoSnkhisi+i - s n sos n j siSoSnkhr, si+is t — Sjs/+i) = Mod (the listed GS- basis). 
(s Qj s n s Q s n - s 1 s 0j s n s ;s s nk s k+1 - s k s s nk ) = Mod (the listed GS- basis) for k = j + 1, j, . . . , 1. 
{sojS n s k s s nk - sis 0j s s n -i tk s k+ i; s k s t - s t s k ) = 0Mod(the listed GS- basis). 
(sojS n s k s s nk ~ SiSQjS s n -i tk s k+ i; s k s k+ i_s k - s k+ is k s k+ i) = 0Mod(the listed GS- basis). 

(sojS n s nk s s n i - siSojS n sos n -ius k+ iu + i;sisi + isi - si+isisi+i) = 0Mod(the listed GS- basis). 

(sojS n s nk S(,Sni - sis Qj s n s s n ^ijs k+ ij + i; sis t - s t s t ) = 0Mod(the listed GS- basis). 
It completes the proof. 

□ 

4.1. Representation of Reduced Elements in the group. The Composition Diamond Lemma tells 
that the irreducible elements with respect to the Groebner-Shirsov basis give us a representation for affine 
Weyl group A n . Since we choose the total ordering sq > si > • • • > s n on the generating set, the elements 
beginning with so can not have conjugate elements beginning with other generators. Therefore the elements 
beginning with sq give us a representation of elements with minimal length of in the flag subset A n /A n . 

As a consequence of our calculations it is seen that this representation can be expressed by words which are 
obtained by juxtaposing of some blocks of the elements. 

The first block in the row is a word satisfying the ordering {so, si, ■ • ■ s n } and the following conditions: 

(i) SiSj not in that block except sos n , for j — i > 1, i = 0, . . . , n — 2, 

(ii) sos n Sj is not contained in the block for j = 2, . . . , n — 2, and 

(iii) if the word is repeated in the sequent block again, the conditions still hold. 
By a simple calculation, we have these blocks in the following: 

So s nS n -lSlS2 ■ ■ ■ Sn-2j 

S j S j+l ' ■ ' s s n s n-l s l s 2 " ' " Sj-li 

s x s 2 • • • s n _ 2 sos„s n _i, 

Sn-lSlS 2 ■ ■ ■ S„_ 2 S S„, 
S„S„^iSiS 2 • • • s„_ 2 so, 
S0S Tl S„_iS n - 2 • • • Si, 
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S j S j-l ' ' ' s l s 0SnS n -lS n -2 • ■ ■ s j+l, 
S n -lS n -2 ■ • ■ SlS S n , 
s n s n -is n -2 ■ ■ ■ SlS , 

Sn-lSoS n SlS 2 ■ ■ ■ S n -2, 

SjSj + i ■ ■ ■ s„_is s„sis 2 • • • Sj-i, 

SlS 2 ■ ■ ■ S„-2S„-lS S„, 

S n SlS 2 ■ ■ ■ s„_ 2 s n -iSo, 
sos n sis 2 ■ ■ • s„_ 2 s„_i, 

S n -lS n S SlS 2 ■ ■ ■ Sn-2, 

SjS j+ l ■ ■ ■ S n ^lS n S SlS 2 ■ ■ ■ Sj-l, 

SlS 2 ■ ■ ■ S„_ 2 S„-lS„S , 

s a sis 2 ■ ■ ■ S n - 2 S n -iS n , 

s n soSis 2 ■ ■ ■ S n - 2 S n -\- 

If we give the examples of this type words in the group A 4 the words beginning with so are the following: 

S0S1S2S3S4, S0S4S1S2S3, S0S4S3S1S2, S0S4S3S2S1. 

The other blocks satisfying the rules above can be easily written as above. 
Also there are blocks apart from this type blocks, with the following properties: 
(i*) they begin with Sk and end with Sk again, 
(ii*) 3 < ^(block) < n. 

These blocks can be written as s^xsk where x is the string of generators {so, . . . , Sfe-i, Sfe+i, • ■ • , s n } with 
length 3 < £(x) < n. 

If we give the example of this type words in the group A4 the word beginning with sq is soS4Sis - 
Of course there are a lot of blocks beginning with s\,s 2 , S3 or 54. They can be written with respect to 
the rules above. 

The representation of elements is made up of the juxtaposing of obtained blocks. But when the blocks 
are juxtaposing, it is point out that no leading terms of elements of Groebner-Shirshov basis must be formed 
in the strings so that the obtained word can not be reduced. 

For example the block (S0S1S2S3S4) can take along no block except itself. 

Therefore we have the following elements in the flag subset A4/A4: 

(s s 1 s 2 s 3 s 4 )p, 

(s SlS 2 S 3 S4) P S , 

(soSis 2 s 3 s 4 ) p s s 1 , 

(s SlS 2 S 3 S4) P S SlS 2 , 
(■S SlS 2 S 3 S4) P S SlS 2 S 3 . 

In the another example the block (S0S4S1S2S3) can be followed by itself and the block S4S0S4, but we see 
that the last block can not be followed by a block beginning with S3 because the block soS4SiS 2 S3S4SoS4S3 
is the leading term of an element in the Groebner-Shirshov basis. Then the block S0S4S1S2S3S4S0S4 can be 
followed by a block beginning with no S3. For example it can be sis 2 S3S4So. Since this block can be followed 
by itself we have the following reduced elements in the flag subset A4/A4: 

(s S4SlS 2 S 3 ) n , 

(s S4SlS 2 S 3 ) n S , 

(s S4SlS 2 S 3 ) n S S4, 

(s S4SlS 2 S 3 ) n S S4S 1 , 

(s S4S 1 S 2 S 3 ) n S S 4 S 1 S 2 , 

(s S4S 1 S 2 S 3 ) n (s4S S4)(s 1 S 2 S 3 S4S ) P , 

(s S4S 1 S 2 S 3 ) n (s4S S4)(siS 2 S 3 S4S ) P S 1 , 

(s Q S4SlS 2 S 3 ) n (s4S S4)(s 1 S 2 S 3 S4S ) P S 1 S 2 , 

(s S4SlS 2 S 3 ) n (s4S S4)(s 1 S 2 S 3 S4S ) P S 1 S 2 S 3 , 

(s S4SlS 2 S 3 ) n (s4S S4)(s 1 S 2 S 3 S4S ) P S 1 S 2 S 3 S4. 
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